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Abstract
The Casimir energy of a semi-circular cylindrical shell is calculated by making
use of the zeta function technique. This shell is obtained by crossing an infinite
circular cylindrical shell by a plane passing through the symmetry axes of the
cylinder and by considering only a half of this configuration. All the surfaces,
including the cutting plane, are assumed to be perfectly conducting. The
zeta functions for scalar massless fields obeying the Dirichlet and Neumann
boundary conditions on the semi-circular cylinder are constructed exactly.
The sum of these zeta functions gives the zeta function for electromagnetic
field in question. The relevant plane problem is considered also. In all the
cases the final expressions for the corresponding Casimir energies contain the
pole contributions. This implies that further renormalization is needed in
order for the finite physical values for vacuum energy to be obtained for given
boundary conditions.







The calculation of the ground state energy of a quantum eld (the Casimir energy)
can practically be accomplished only for boundary conditions of high symmetry1;2 (parallel
plates, sphere, cylinder). It is due to necessity of removing the divergencies inevitably
encountered here. How to reveal in such calculations nite physical results remains in the
general case unresolved long-standing problem. Usually a subtraction procedure is used with
preliminary regularization of divergent expressions (for example, by introducing ultraviolet
cuto). The point is that in quantum eld theory, treated with allowance for nontrivial
boundary conditions or in space-time with curvature, complete renormalization procedure
is not formulated explicitly.
When calculating the Casimir energy it is wildly used the zeta function technique3;4 which
is also called as the zeta regularization or zeta renormalization. In fact, the use of the zeta
functions gives only regularized quantities for ground state energy, for eective potential and
so on. The necessity to renormalize the expressions obtained in this way certainly remains.
However, in some problems the zeta technique gives at once a nite result. Usually the latter
is considered to be a renormalized physically answer. It is justied by using the analytic
regularization in renormalizable quantum eld theory. This regularization, as well as the
zeta regularization, is based on the analytic continuation.
The zeta function technique has been used for a long time, but till now one cannot be
sure in advance that this method will give nite result in a given problem (without explicit
calculation of the relevant zeta function). The general structure of the divergencies in the
problem at hand can be revealed by calculating the corresponding coecients in the heat
kernel expansion.5 However, the explicit nding of these coecients is a rather complicated
task, and furthermore the expression of these coecients through the regarding zeta function
proves to be useful here.6
In this situation it is undoubtedly worth carrying out, in the framework of the zeta
function technique, the calculations of the Casimir energy for new congurations, both
the cases being interesting with nite result and with pole contributions left in the nal
expression for the vacuum energy.
As known, the Casimir energy for a sphere in the D-dimensional space turned out to
be nite for odd D and innite for even D. This result has been derived both in the zeta
function technique7;8 and by the Green’s function method.9 Proceeding from this one could
expect that the dimension of the space is crucial for obtaining the nite value of the vacuum
energy in the zeta function technique. However, it is not the case as it will be shown below.
In the present paper the Casimir energy will be calculated for a semi-circular cylindri-
cal shell by making use of the relevant zeta functions. This shell is obtained by crossing
the innite circular cylindrical shell by a plane passing through the symmetry axes of the
cylinder. All the surfaces, including the innite cutting plane, are assumed to be perfectly
conducting. Obviously it is sucient to consider only a half of this conguration (left or
right) which we shall refer to as a semi-circular cylindrical shell or, for sake of shortening,
as a semi-circular cylinder. The internal boundary value problem for this conguration
is nothing else as a semi-cylindrical waveguide. In the theory of waveguides10 it is well
known that a semi-circular waveguide has the same eigenfrequencies as the cylindrical one
but without degeneracy (without doubling) and safe for one frequency series (see below).
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Notwithstanding the very close spectra, the zeta function technique does not give a nite
result for a semi-circular cylinder unlike for a circular one. First the Casimir energy of an
innite perfectly conducting cylindrical shell has been calculated in Ref. 11 by introducing
ultraviolet cuto and recently this result was derived by zeta function technique12 (see also
Refs. 13{15). As far as we know the asymmetric boundaries such as a semi-circular cylinder
have not been considered in the Casimir problem.
The paper is organized as follows. In Sec. II the electromagnetic spectra are considered
in details for cylindrical and semi-cylindrical shells. The general solution of the Maxwell
equations for boundary conditions chosen is expressed in terms of two scalar functions,
longitudinal components of the electric and magnetic Hertz vectors. These scalar functions
are the eigenfunctions of the two-dimensional transverse Laplace operator and obey the
Dirichlet and Neumann boundary conditions on the conducting surfaces. In Sec. III the
spectral zeta function is constructed for the Dirichlet boundary value problem. To this end,
the technique is used which has been elaborated before for representing the spectral zeta
function, with given eigenfrequency equations, in terms of contour integral. When carrying
out the analytic continuation of the zeta function into the physical region, the uniform
asymptotic expansion for the modied Bessel functions is used. In the same way, in Sec. IV
the zeta function is constructed for a scalar eld obeying the Neumann boundary conditions
given on the surface of a semi-circular cylindrical shell. The Section V is concerned with
the complete zeta function for electromagnetic eld with boundary conditions on the semi-
circular cylinder. Transition to the relevant two-dimensional problem is also considered here.
In the Conclusion (Sec. VI) the results obtained are summarized, and the origin of the pole
singularities of the zeta functions at hand and their relation to the respective boundary value
problem are briefly discussed.
II. EIGENMODES OF ELECTROMAGNETIC FIELD FOR A CIRCULAR AND
SEMI-CIRCULAR CYLINDERS
The construction of the solutions to the Maxwell equations with boundary conditions
given on closed surfaces proves to be nontrivial problem. Mainly it is due to the vector
character of the electromagnetic eld10;16;17. In the case of cylindrical symmetry the electric
E and magnetic H elds are expressed in terms of the electric (Π0) and magnetic (Π00) Hertz
vectors having only one non-zero component
Π0 = ez(r; ’) eik
′
zz ; (2.1)
Π00 = ezΨ(r; ’) eik
′′
z z : (2.2)
Here the cylindrical coordinate system r; ’; z is used with z axes directed along the cylinder
axes. The common time{dependent factor ei!t is dropped. The scalar functions (r; ’) and
Ψ(r; ’) are the eigenfunctions of the two{dimensional transverse Laplace operator and meet,
respectively, the Dirichlet and Neumann conditions on the boundary @Γ
(∇2? + γ
′ 2)(r; ’) = 0 ; (r; ’)j@Γ = 0 ; (2.3)





= 0 ; (2.4)
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′ 2 = !2 − k′ 2z ; γ
′′ 2 = !2 − k′′ 2z : (2.6)
First we consider a cylindrical shell. In this case the functions (r; ’) and Ψ(r; ’) should
be 2-periodic in angular variable ’. As a result the Dirichlet boundary value problem (2.3)








nmr); r < a;
H(1)n (γ
0
nm r); r > a;
(2.7)
where a is the cylinder radius, Jn(x) are the Bessel functions, H
(1)(x) are the Hankel func-
tions of the rst kind, and γ0nm, γ
0
nm stand for the roots of the frequency equations
Jn(γ
0




nm a) = 0; (2.8)
n = 0; 1; 2; : : : ; m = 1; 2; : : : :









nmr); r < a;
H(1)n (γ
00
nm r); r > a;
(2.9)
where γ00nm and γ
00















= 0 ; (2.10)
n = 0; 1; 2; : : : ; m = 1; 2; : : : :
As usual, it is assumed that for r > a the eigenfunctions should satisfy the radiation condi-
tion.







nm; n  1; m  1 (2.11)
is doubly degenerate since, according to Eqs. (2.7), (2.9), there are two eigenfunctions which







0m; m = 1; 2; : : : (2.12)
are independent on ’, and the degeneracy disappears.
For given Hertz vectors Π0 and Π00 the electric and magnetic elds are constructed by
the formulas
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E =∇∇Π0 ; H = −i!∇Π0 (E-modes) ;
E = i!∇Π00 ; H =∇∇Π00 (H-modes) : (2.13)
It has been proved18 that the superposition of these modes gives the general solution to the
Maxwell equations in the problem under consideration. An essential merit of using the Hertz
polarization vectors is that in this approach the necessity to satisfy the gauge conditions
does not arise.
Let us consider a waveguide which is obtained by cutting the innite cylindrical shell
by a plane passing through the symmetry axes of the cylinder (see Fig. 1). All the surfaces
are assumed to be perfectly conducting. In this case the boundary value problems (2.3) and
(2.4) for the Hertz electric (Π0) and magnetic (Π00) vectors have the following eigenfunctions




nm r) ; r < a ;
H(1)n (γ
0
nm r) ; r > a ;
(2.14)
n = 1; 2; : : : ; m = 1; 2; : : :
and




nm r) ; r < a ;
H(1)n (γ
00
nm r) ; r > a ;
(2.15)
n = 0; 1; 2; : : : ; m = 1; 2; : : : :






nm are determined by the same equations (2.8) and
(2.10). However the new spectral problem has two essential distinctions: i) the frequencies
(2.11) are now nondegenerate, and ii) two series of eigenfrequencies
γ00m; γ
0
0m ; m = 1; 2; : : : (2.16)
are absent. It is clear that such a change of the spectrum cannot influence drastically on
the ultraviolet behaviour of the relevant spectral density. Nevertheless, as it will be shown
below, the zeta function for a semi-circular cylinder, unlike for a circular one, does not
provide a nite answer for the Casimir energy in the problem in question.
In view of all above-mentioned the zeta function for electromagnetic eld obeying the
boundary conditions on the surface of the semi-circular cylinder is the sum of two zeta
functions for scalar massless elds satisfying the Dirichlet and Neumann conditions on the
lateral of this cylinder.
III. ZETA FUNCTION FOR DIRICHLET BOUNDARY VALUE PROBLEM
First we consider the Dirichlet boundary conditions. We shall proceed from the follow-
ing representation for the zeta function in terms of a contour integral for given frequency




















The contour C consists of the imaginary axis (−i1; i1) and a semi-circle of an innite
radius in the right half-plane of a complex variable γ. The details of obtaining this integral
representation can be found in Refs. 12, 13, 19. Contribution into Eq. (3.1) of integration
























In order to accomplish the analytic continuation of (3.2) into the physical region including
the point s = −1, we substitute the product of the modied Bessel functions by its uniform
asymptotic expansion20
ln [2ynIn(ny)Kn(ny)] = ln(yt) +
t2
8n2




(13− 284t2 + 1062t4 − 1356t6 + 565t8) + O(n−6) ; (3.3)
where t = 1=
p
1 + y2. On substituting the expansion (3.3) into Eq. (3.2) we obtain













































t4(13− 284 t2 + 1062 t4 − 1356 t6 + 565 t8)
]
: (3.7)
The functions Zi(s), i = 1; 2; 3 correspond to three terms in the expansion (3.3),
respectively13;19.
Analytic continuation of the functions Z1(s) and Z3(s) into vicinity of the point s = −1
can be accomplished in the same way as it has been done in Ref. 19. Therefore we write


























































Let us address Eq. (3.6). The integral in this equation converges when −1 <Re s < 3,
and the sum over n is nite for Re s > 0. Thus, the regions, where the integral and the
sum exist, overlap, and this formula can be used for constructing the analytic continuation




n−1−s = (s + 1) (3.10)

















; 3− 2 Re  < Re s < 3: (3.11)
In view of the poles of the gamma functions on the right-hand side of this relation, the
integral on the left-hand side of it is well dened, as a function of the complex variable s,
only in the region indicated in Eq. (3.11). Doing the analytic continuation of this integral we
dene it outside this region also by this equation, keeping in mind that the gamma functions
involved should be treated as the analytic functions over all the plane of the complex variable














−1 + 3(1 + s)− 5
8
(3 + s)(1 + s)
]
: (3.12)
Equations (3.2), (3.4), (3.8), (3.9), and (3.12) aord the analytic continuation needed. It
takes into account the rst three terms in the uniform asymptotic expansion (3.3). The
numerical calculations (see below) show that the convergence of this method is fairly fast.
Now we are able to calculate the value of the zeta function D(s) at the point s = −1.
For the coecient C(s) in Eq. (3.2) we have
C(−1) = − 1
4a2
: (3.13)


























m(m− 1) = 1; (−2) = 0; (3.15)











− γ + O(s + 1)
]
=  0(−2) = −0:03044 : (3.16)
Using the values of the Riemann zeta function and its derivative at the origin
(0) = −1
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and taking into account the behaviour of the gamma function near zero (see Eq. (3.15)) we









































= 0:025702 : (3.18)
Summing up Eqs. (3.16), (3.17), and (3.18) we obtain






























Thus the zeta function D(s) has a pole at the point s = −1, therefore it does not give the





It implies that further renormalization is required.
IV. ZETA FUNCTION FOR NEUMANN BOUNDARY VALUE PROBLEM
When constructing the zeta function for the boundary value problem (2.4) with @Γ being
a semi-circular innite cylinder, we shall again proceed from the frequency equations (now
from Eq. (2.10). It should be taken into account that all these roots are not degenerate.





















The contour C is the same as in Eq. (3.1) and the prime on the Bessel and Hankel functions
denotes dierentiation with respect to the entire argument.
The product of the derivatives of the modied Bessel functions I 0n(z)K
0
n(z) has the fol-

















Taking this into account in calculation of the denominator in Eq. (4.1), we obtain for N(s)









ln [−2yI 0n(y)K 0n(y)] (4.3)
with the same function C(s) as in Eq. (3.2).
Next we shall again use the uniform asymptotic expansion now for the derivatives of the
Bessel functions20
ln [−2ynI 0n(ny)K 0n(ny)] = − ln(yt) +
t2
8n2



















The term with n = 0 in Eq. (4.3) should be treated separately, therefore we represent N(s)
as the sum of the four functions in conformity with the expansion (4.4)











































































In order to render the integral in the term with n = 0 in Eq. (4.3) convergent we have
subtracted here the second term from the asymptotics (4.4).
Taking into account the behaviour of the product I 00(y)K
0
0(y) at the origin and at innity
−2yI 00(y)K 00(y) = y +
1
8
(−1 + 4y − 4 ln 2 + ln y)y3 + O(y5 ln y) ;







it is easy to show that Eq. (4.6) denes V0(s) as an analytic function in the region −3 <
Re s < 1. Under this condition the integration by parts can be done here












The function V1(s) diers only in sign of the function Z1(s) from the proceeding Section.
The integral in Eq. (4.8) is convergent when −1 < Re s < 3. The sum over n in this formula
is nite when Re s > 0. The integral dening the function V3(s) in Eq. (4.9) converges
when −3 < Re s < 3, and the sum encountered here is nite for Re s > −2. Thus the
regions, where the integrals and the sums exist, overlap and these formulas can be used for
constructing the analytic continuation needed.
Substituting the sum in Eq. (4.8) by the Riemann zeta function and doing the integration














3− 5(1 + s) + 7
8
(1 + s)(3 + s)
]
: (4.12)
On rather tedious calculations the function V3(s) in Eq. (4.9) can be represented in the
form











































Finally the zeta function N(s) for the massless scalar eld obeying the Neumann bound-
ary conditions on a semi-circular cylinder is determined explicitly by Eqs. (4.5), (4.7), (4.11){
(4.13) in a nite domain of the complex plane s containing the closed interval of the real
axis −1  Re s  0.
Now we turn to the calculation of the value of the function N(s) at the point s = −1.














= 2  0:475215 + 0:8123 = 1:76393 : (4.14)
From Eqs. (4.7) and (3.16) it follows that
V1(−1) = −Z1(−1) = − 0(−2) = 0:03044 : (4.15)









































= −0:066721 : (4.17)
Summing up Vi, i = 0; 1; 2; 3 we obtain with allowance for Eq. (3.13)
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Thus both the zeta functions for Dirichlet and Neumann boundary conditions have the pole
at the point s = −1. Hence an additional renormalization is needed in order for a nite
physical value of the relevant Casimir energies to be obtained.
V. VACUUM ENERGY OF ELECTROMAGNETIC FIELD WITH BOUNDARY
CONDITIONS ON A SEMI-CIRCULAR CYLINDER
Analysis of the spectral problem for the electromagnetic eld with boundary conditions
on a semi-circular cylinder (see Sec. II) implies that the zeta function for this eld is the
sum of two zeta functions calculated in the preceding Sections
EM(s) = D(s) + N(s) : (5.1)
Substitution of Eqs. (3.19) and (4.18) into Eq. (5.1) gives































In both the zeta functions D(s) and N(s) the pole terms have the same sign. As a
result the pole contribution in the sum (5.1) retains. Thus, the situation here proves to be
analogous to that when calculating, in the framework of zeta technique, the vacuum energy
for spheres in spaces of even dimensions7{9.
As was noted above, we have derived the exact expressions for the zeta functions in
question which determine these functions as analytic functions of the complex variable s in
a nite region of the plane s containing the closed interval of the real axis −1  Re s  0.
It enables one to construct in a straightforward way the spectral zeta functions for relevant














where s-cir is the Dirichlet or the Neumann zeta function for a semi-circle, and s-cyl is the
respective zeta function for semi-circular cylinder. We shall use this relation for calculating
the values Ds-cir(−1) and Ns-cir(−1) which determine the vacuum energy of the massless scalar
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elds dened on the half-plane and obeying, respectively, the Dirichlet or Neumann boundary
conditions on a semi-circle (see Fig. 1).































































































From Eqs. (4.7) and (5.5) it follows that



























































Both the functions Ds-cir(s) and 
N
s-cir(s) have the pole at the point s = −1 with the
coecients of the same (negative) sign. For electromagnetic eld dened on a plane the
boundary conditions reduce to the Neumann conditions. Hence the relevant zeta function
is Ns-cir(s).
VI. CONCLUSION
In the paper the spectral zeta functions are constructed for massless scalar elds obey-
ing the Dirichlet and Neumann boundary conditions on a semi-circular innite cylinder.
Proceeding from this, the zeta function for electromagnetic eld is also derived for such a
conguration. In all three cases, the nal expressions for the relevant Casimir energy contains
the pole contribution. Hence for obtaining the physical result an additional renormalization
is needed.
It is essential that for the zeta functions (s) the exact formulas are derived which
determine these functions in a nite region of the complex variable s but not at the vicinity
of one point s = −1. It allowed one to get in a straightforward way the zeta functions for
the two dimensional (plane) version of the boundary value problem at hand, i.e. the zeta
functions for scalar elds dened on a half-plane and obeying the Dirichlet and Neumann
boundary conditions on a semi-circle. In this case the nal expression for the vacuum energy
contains the pole contributions also.
The results obtained demonstrate in particular that the odd dimension of the space does
not ensure the nite value of the vacuum energy calculated by the zeta function technique
in the problems with perfectly conducting boundaries.
Notwithstanding the spectrum of a semi-circular cylinder is very close to the spectrum
of circular one, the zeta function technique does not give a nite value for vacuum energy in
the rst case and does for the second conguration. Thus, for obtaining the nite Casimir
energy in the framework of the zeta regularization, it proves to be crucial not the ultraviolet
behaviour of the respective density of states but some more specic characteristics of the
spectrum which remain still unknown.
Closing, it is worth noting that, as far as we know, such boundary conditions with
asymmetric geometry (semi-circular cylinder) has been considered in the Casimir problem
for the rst time.
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FIGURES
FIG. 1. The cross section of an infinite semi-circular cylindrical shell of radius a. All the surfaces
(bold-faced lines) are assumed to be perfectly conducting. At the same time this picture presents
the two-dimensional (plane) version of the problem under consideration, i.e., the semi-circular
boundaries for massless fields defined on the plane.
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